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THE PROBLEM OF THE CONVERGENCE OF THE METHOD OF
INTEGRAL RATIOS

V. V. Bobkov

The method proposed by A. A. Dorodnitsyn for the approximate solu-
tion of differential equations in partial derivatives (Ref. 1) has been
successfully applied to the solution of a wide variety of problems (Ref.
2); however, the convergence of this method, generally speaking, has
still not been demonstrated.

The method of integral ratios is applicable to various types of
problems. Ordinarily, when it is used the initial differential equa-
tions are written in divergent form (Ref. 1).

We will consider differential equations of the hyperbolic type,
writing them for this purpose in canonical form.

Let us take the following Cauchy problem:

u.xy =a (x! y) ux + b (xv y) uy +C(X1 y) u ’{_ f(’\:) y)v (l)

M =), a, <x <,

u [-\f, L (x)] =q (":)r al ( 2)

where 1 is the direction of a line nontangent to the curve y = L (x)
which nowhere takes a characteristic direction of curvature (i.e.,
which is piecewise smooth).

After the domain D, which is bounded by the curve y = L (x) (for
determinancy we will set L(al):> (La2)) and by the characteristics

X = a2, y = L(al), has been divided into N strips by the straight lines
Y=y, = L(az) +nh, h = 4/N, 4 = L(al) - L(ay), n=1,2, ..., N-1,

we integrate (1) over each of the strips:

7y (x, yn+1) - u'(x, ln) + ll'l(\) u, (X, lu) h
—'b (x’ yn-l-l) u (x» yn+l) + b(xv ln) u (xa ln) =
_l/l; i (3)
= § fa(x, y)u, +clx, y) u—~byx, yyu+fx,yldy,

In

%h<x<amn=QIPM,N—L



Here X041 is the abscissa of the point of intersection of the line

y =¥, , q with the curve y = L(x), while y = 1 = ln(x) coincides with

L < X and with .y = f .
v (x) for xS an withy = y for xng x < 2,

After interpolating the functions u and uX linearly according to

their values at the boundaries of the sectors and completing the in-
tegration in (3), we obtain a system of N equations for finding approxi-
mate solutions u to problems (1), (2) on the lines y = Yy, (n=1, 2,

ceey, N):
%41 l_ln‘i'l - ﬁn vy, = Liqr Uy + U, + fn+lr (LI»)

with the supplementary conditions

gulx, L(x)]

Ugty (Fap) = (Xaq) Y

— = ¢(x), 8, <X <@y, (5)

where

P (¥), Xupy S X KX,
U, v, Sva,,

,l/n;).-l
j a(x, y) [y — L) dy,
Iy
!/ﬁ-i 1
g a (¥, 9) Ynin —9) du;

a8

U1 = Uy (JC), Uy, = U, (X) = { hn (‘\) = 41— n(x);

i = G (£) = 1= i
a1 141 I, (’\’)

@n='3n(x)=1+

hax)
1

Ell‘l‘l = Ell'l'l. (X) == b ('r! ylz *‘l) + hn(x) X
Ynl
X j le(x, 9)— b, (x, )] [y — L, ()] dy:
lll
£ ——_-"n " =——'b .', ln
b = 7 (%) (5 )+ i X
_l/u-{.-l

X j (e (%, ) — b, (%, 9)] Woin — 9) d;
Iy




Yu1
fn-H = fn-l-l (X) == j‘ f(.\', .l/) d.’/ - 511 l':(’\-) ull (x) ln)’
\ i
Y <y<a, n=0,1,..., N—1.

For the error ¥ = (x) = ulx, y ) - u (x) we obtain:
n+ 1 n+1 n + n+ 1

an'l_lvl'l-{-l - ?nv;” == Epf-1 Va1 =+ Ny +rll+1' Ynt1 (X"_I.x) = O»

(6)
X <x<La, n=0,1,.., N—1,
where
1 Yn -1 a.’ ( ~ )
KU xa !/I -1
b = s () = o g (ter, o) = by e, ) FG e 4
{a
Fu x,;.,)
+a(x, ¥) w-—(——‘f”’ }LI/ —~ 1, (] W — Yat) dy;
oxOYy*
- ~ . . 0, x4, < ¥ <,
Yn < Yut1s Ynta < Yot Y, = Ylﬂ ('\) = {\’n' -\’:1_ < X < Al x
Both problem (6) and problem (4), (5) obtained earlier are solved con- /1
secutively beginning with n = 0.

We will show that as h— 0, un(x) converges toward u(x, yn) and

will give the estimated error 7 = max max rYn(x),.
Xn<g.x<gza2 1€ ng N

We will divide problem (6) into N consecutively solvable Cauchy
problems in the following manner:
P, rf’l =Qlu+R,. Th ('FN'—H) =P, Xyen LXK XN (7)

n=01,..., N—1,
where

ay_n O o 10 0 - Yxen
"‘ﬁx\'—n AN—nt1 0] ! 0 0 [ = ‘YN—H-H
Py = 0 —By—ni1 Cx—nts O 0 L B &
0 0 0 i—‘ ﬁN——l QA YN.




~ Ev—n O 0 1 0 0
v—n EN—nt1 O 1 0 0
Q=10 NN—nt1 EN—ni2 E 0 0 ’
e e o s e s 8 s e of e e e o
- 0 0 - 0 E in—1 Ew
[ /N.__n ) O
T'N—a+1 YN—n-1 (x,\'——n)
R, = r N—n--2 y b= YN—nt2 (xN——n)
“" I' N \.’.\’ (f\‘;\'——n)
If a(x, y) <0 in domain D, then o ., 1=>1 (xn 1S x ay, n =0,

l, ..., N - 1). For other values of a(x, y) it is sufficient to take

0O<h<2/A, A= mx |a(x, y)], for a 1 to be positive.
D n +

We will reduce (7) to the form

Ty = P7'Q,Tn 4+ PR, Tu(¥y—n) = D, (8)

Xyen € XL Xy, 1=01,..., N—1.

Using known results (Ref. 3), we will estimate the solutions of the
problems (8) on the basis of the norm (using norm 1):

X

Il <loalesp (1P o+ 1P RA1I X

X A
N—n N—n
X

X Cxpj HP;lQn ”dUdlL‘, Xy—n< X K XN—p—1, 1T == Oy | PN N—1 (9)

w

It is not difficult to find quadratic matrices P;l Qn of the order of

n + 1 and column matrices p~t Rn of the same dimensionality and estimate
n

them from the norm:

1P Q| &/ 4 nh vz, ||PF'R|l < (n + 1)T1y/2,
n=01,.,N—1, (10)

where 1
¢ =max max [§]< B+ —2—11(6 + B,);

x‘.<x<a2, 1<i<N

B = max|b(x, y)|;C =mab\'] clx, Y;
D

B, = max|b,(x, y)l; a=min min |z];
D x;<x<a, 1<iaN



1+ -21—1'1/1 ;,,a>{1 fora(x, y) <0 in D,

'l———;— hA for other values of a(x, y);

A =max  max 1 [ &8: 4 ny2; | /8

xpaexcay  l<iaN—
A<AB+C+ B, + —él—hA (C -+ B,);

1 for a(x, y) <0 in D,

A =max max N Fl= {
MW=2 f£op other values of a(x, y);

Colgkgl—l <icN

A= max max |[B/];
X <x<ay 1<i<N

limV = < exp Ad; ), = max W * =
B0 1<i, k<N
_.{ 1 for a(x, y)< 0 in D,
= < N—1 ) I = Imax max il
A for other values of a(x, y); x[<x<2*’ l‘:‘f‘i(\N’f."

r < B [M,(C + B,) + MiA]/12; M, <= max |u,,}; Mz = max |4,
D D

Note that [|®dfl =0, |i®) <max [[F—yf, i=1,2,.., N - 1. From (10)

A 1<XA

and the note just made, we obtain from (9)

I < R {exp (7= 1)< + S,¢] — exp (ns+ S,f) +-

L

: - S,f) —

+ exp [(n—1)=(S,— S) 1] +

+ exp [(1 — 1)% -+ (Sp— S f] — ... —

14+ 20
n n-1 n-t1 ]
—_——— exp(x + 1) ——exp(z= +nt) — ————},
14+ (n—1)8 px -+l 14nd p(=nl) 14n3d
Xyon <X L Xy_pag, =20, 1,..., N—1,
where

Sn =-§1—n (Il- -+ 1), T=Hh g/ap, p= minlL'(x)];

a,<x<a;

t=h*Ak/a?p, & =1/c, R=r)h/i,



[Va ()] < [Taa i < R{exp (Nx+ Sy—it) +
+ [2/1 -8} — 1] exp [(N — 1)+ Syif] +
+ [3A1 4+ 28) — 2/(1 + &)] exp [(N —2) <+ (Sy—1 — S) ¢] +
F o [ — 31— 3+ 208 + £2— k23] X
Xexp[(N—F&)x -+ (Snei — Sp1) t] +

o H VALV — 1) 8) — (N — 1)1 + (V —2)3)] X

Xexple+ (N —DI— N1+ (N—1)3)}} <
< {R lexp(N < - Syif) — 13, 8> 1,
Rlexp (V= Sy—it)— 1I/[1 + (N — 1)8}, 8 < 1,
X, KX<a,n=12..,N. (11)

From (11), replacing R, T, t, & by their expressions and taking into
account the estimate for r, we obtain the final error estimate:

B [Ma(C+ By) + MAD oy 2t dd—m &) _ 1] s B
122 2a2p ) d A
v <

W3 [My (C + B - MA] Nad [ . 2d%a + d(d—h) Ak fa
2 [, o —
12 [Ea + (d— /) Ay] *p 22 p sl R

If we consider the equation uXy = c(x, y) u + (x, y) instead of

(1) in the problem (1), (2), then the estimate (12) takes on a much
simpler and more convenient form (1 = ne C/2p, 6 =2, R= 2r/hC):

v < h*M, [exp (d*C/2p) — 1]/G.

Let us note in conclusion that error estimates for the method of
integral ratios for equation (l), analogous to those cited above, may
be Jjust as conveniently obtained in solving problems whose respective
conditions are based on a characteristic and a piecewise smooth curve

both originating from the same point.

We will also note that the above exposition may be generalized
in its entirety to cover the case where the problem being considered is
based on a system of equations of the form



<

n
d*u,

0x0y

ou, "
=i, o) Gk Y e, 1) S -
j=1

Tl Dyl (e g, i=1, 2,.., m,
in which the right-hand sides of the equations may even be quasilinear
(only the partial derivatives in y are required to be linear).

Belorussian State University Submitted 28 May 1963

References

1. Dorodnitsyn, A. A. Trudy III matematicheskogo s"yezda, 1956 g., 3,
47, Izd. AN SSSR, 1958.

2. Belotserkovskiy, O. M., Chushkiy, P. I. Zhurnal vychislitel 'noy
matematiki i matematicheskoy fiziki, 2, No. 5, 731, 1962.

3. Lozinskiy, S. M. Izvestiya vysshikh uchebnykh zavedeniy, seriya
matematicheskaya, No. 5, 1958.

Translated for the National Aeronautics and Space Administration
by John F. Holman and Co. Inc.

NASA-Langley, 1965 F =261



“The aeronautical and space activities of the United States shall be
conducted so as to contribute . . . to the expansion of human knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of information concerning its activities and the results thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1938

TECHNICAL REPORTS: Scientific and technical information considered
important, complete, and a lasting contribution to existing knowledge.

TECHNICAL NOTES: Information less broad in scope but nevertheless
of importance as a contribution to existing knowledge.

TECHNICAL MEMORANDUMS: Information receiving limited distri-
bution because of preliminary data, security classification, or other reasons.

CONTRACTOR REPORTS: Technical informarion generated in con-
nection with a NASA contract or grant and released under NASA auspices.

TECHNICAL TRANSLATIONS: Information published in a foreign
language considered to merit NASA distribution in English.

TECHNICAL REPRINTS: Information derived from INNASA activities
and initially published in the form of journal articles.

SPECIAL PUBLICATIONS: Information derived from or of value to
NASA activities but not necessarily reporting the results -of individual
NASA-programmed scientific efforts. Publications include conference
proceedings, monographs, data compilations, handbooks, sourcebooks,
and special bibliographies.

Detdils on the availability of these publications may be obtained from:

SCIENTIFIC AND TECHNICAL INFORMATION DIVISION

Washington, D.C. 20546 . -

NASA SCIENTIFIC AND TECHNICAL PUBLICATIONS

NATIONAL AERONAUTICS AND SPACE ADMINISTRATION

Mo




